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Abstract
We prove the following result: Let (M,g0) be a compact manifold of di-
mension n ≥ 12 with positive isotropic curvature. Then M is diffeomorphic
to a spherical space form, or a compact quotient of Sn−1 × R by standard
isometries, or a connected sum of a finite number of such manifolds. This
extends recent work of Brendle, and implies a conjecture of Schoen in dimen-
sions n ≥ 12. The proof uses Ricci flow with surgery on compact orbifolds
with isolated singularities.
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1 Introduction
In a recent breakthrough [B19] Brendle derived curvature pinching estimates for
Ricci flow on compact manifolds of dimension n ≥ 12 with positive isotropic cur-
vature, constructed Ricci flow with surgery on these manifolds with an additional
topological constraint, that is, not containing any nontrivial incompressible (n−1)-
dimensional space forms, and classified them. In this paper we remove this extra
constraint and get the following
Theorem 1.1. Let (M, g0) be a compact manifold of dimension n ≥ 12 with pos-
itive isotropic curvature. Then M is diffeomorphic to a spherical space form, or
a compact quotient of Sn−1 × R by standard isometries, or a connected sum of a
finite number of such manifolds.
Compare [B19, Theorem 1.4]. This is also a higher dimensional analogue of the
main theorem in Chen-Tang-Zhu [CTZ], which treats the 4-dimensional case. Re-
call ([MM]) that a Riemannian manifold M (of dimension ≥ 4) is said to have
positive isotropic curvature if for all points p ∈ M and all orthonormal 4-frames
{e1, e2, e3, e4} ⊂ TpM , the curvature tensor satisfies
R1313 +R1414 +R2323 +R2424 − 2R1234 > 0.
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For the definition of connected sum see for example pp. 102-106 of [BJ] or pp.
90-92 of [K]. By [MW] the converse of Theorem 1.1 is also true: Any compact n-
manifold as in the conclusion of the theorem admits a metric with positive isotropic
curvature.
As pointed out in [CTZ], Theorem 1.1 implies a conjecture of R. Schoen in
dimension n ≥ 12; see the proof of [CTZ, Corollary 1].
Corollary 1.2. Let (M, g0) be a compact manifold of dimension n ≥ 12 with
positive isotropic curvature. Then a finite cover of M is diffeomorphic to Sn, or
S
n−1 × S1, or a connected sum of finite copies of Sn−1 × S1.
In the process of proof of Theorem 1.1 we prove a slightly more general theorem;
compare [CTZ, Theorem 2.1].
Theorem 1.3. Let (O, g0) be a compact orbifold of dimension n ≥ 12 with at most
isolated singularities and with positive isotropic curvature. Then O is diffeomorphic
to a spherical orbifold with at most isolated singularities, or a compact quotient
orbifold of Sn−1 × R by standard isometries with at most isolated singularities, or
an orbifold connected sum of a finite number of such orbifolds.
The orbifold connected sum is defined as follows. Let Oi (i = 1, 2) be two
(effective) n-orbifolds with at most isolated singularities, and let Di ⊂ Oi be two
embedded suborbifolds-with boundary, both diffeomorphic to the quotient orbifold
Dn//Γ, where Dn is the closed unit n-ball, and Γ is a finite subgroup of O(n) acting
freely on Sn−1. Thus we have a diffeomorphism f between Di, i = 1, 2, and we use
the restriction of this diffeomorphism to glue together O1 \ IntD1 and O2 \ IntD2
along their boundaries. Of course in the case that both Oi are oriented, we should
take care of the orientations. Compare Kleiner-Lott [KL] and Bonahon [B02]. The
result is called the orbifold connected sum of O1 and O2 via the gluing map f ,
and is denoted by O1♯fO2. If Di (i = 1, 2) are disjoint embedded suborbifolds-
with boundary (both diffeomorphic to the quotient orbifold Dn//Γ) in the same
connected n-orbifold O, the result of similar process as above is called the orbifold
connected sum of O with itself, and is denoted by O♯f .
Note that the Remark on p. 312 in Bredon [B72] gives an equivariant ambient
tubular neighborhood theorem, which implies an equivariant/orbifold version of
Cerf-Palais’s disc theorem (see also the Remark on p. 314 in [B72]). Using this
and the argument in Section 1 of Chapter 6 of Kosinski [K] we see that the orbifold
connected sum is well-defined, that is, the result is independent of the choices of
the gluing maps.
Beware that the orbifold connected sum defined here is more restricted than that
in [CTZ] and [Hu15], that is, here the gluing map is not an arbitrary diffeomorphism
between the boundaries of O1 \ IntD1 and O2 \ IntD2, it should extend over D1.
For example, for an arbitrary self diffemorphism f of a spherical space form Sn−1/Γ,
where Γ is a finite subgroup of O(n) acting freely on Sn−1, f may not be extended
to a self diffemorphism of Dn/Γ in general, so Sn/Γ♯f may not make sense here,
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and we cannot view the mappping torus of f as Sn/Γ♯f any more as in [CTZ] and
[Hu15].
The proof of our theorems follows closely the lines of Brendle [B19] and [CTZ].
The main tool is Ricci flow with surgery on compact orbifolds of dimension n ≥ 12
with isolated singularities and with positive isotropic curvature. As in [H97],
[BBB+], [BBM], [Hu13] and [Hu15], we do surgery before curvature blows up. One
of the key ingredients of the construction of the Ricci flow with surgery is Brendle’s
curvature pinching estimates, i.e. Corollary 1.3 in [B19], which also holds true in
the orbifold case. But we have to overcome some new difficulty caused by the ap-
pearance of nontrivial incompressible (n− 1)-dimensional space forms in our case,
besides the ones already overcome in [CTZ]. On p. 47 of [CTZ] Chen-Tang-Zhu
remarked that once Hamilton’s curvature pinching estimates in [H97] can be ex-
tended to higher dimensions, most of their arguments will go through, but there still
remain some topological obstacle to get a complete diffeomorphism classification
of compact manifolds with positive isotropic curvature in higher dimensions, that
is, there exist self diffeomorphisms of the standard Sn−1 which cannot be extended
over the unit ball Dn for some n ≥ 7, so in general an arbitrary self diffeomorphism
of a spherical space form Sn−1/Γ may not be isotopic to an isometry.
Actually, even in the case of no nontrivial incompressible (n − 1)-dimensional
space forms, Brendle [B19] had to face the difficulty that when n ≥ 7, an arbitrary
self diffeomorphism of Sn−1 may not be isotopic to an isometry. Brendle [B19] solved
this difficulty by observing that the ε-caps have some nice property (see Definition
6.16 and Proposition 6.17 in [B19]). In particular, in the proof of Proposition 6.17
in [B19] he devised a clever argument using the differentiable sphere theorem for
compact manifolds which are strictly PIC2 (proved in [BS]) and the fact that if we
glue the unit ball Dn with −Dn (which is the same ball with reversed orientation)
along their boundaries via an orientation-preserving self diffeomorphism of Sn−1
and get a sphere with standard differential structure, then the gluing map extends
to a self diffeomorphism of Dn; for a proof of this fact see for example p. 136 in
Milnor [M07]. In a recent private communication Prof. Brendle suggested that
it might be possible to generalize [B19, Proposition 6.17] to the orbifold case via
extending the argument in the proof of Proposition 6.17 in [B19] (in particular,
extending the differentiable sphere theorem to compact orbifolds which are strictly
PIC2). See Proposition 2.8.
In our situation, we have more types of necks compared to the case in [B19]. To
investigate the change of diffeomorphism types under surgery we need to identify
the orbifolds obtained by gluing an orbifold which is diffeomorphic to an ε-cap with
an ε-neck of type IIa or type IIb. To this end we establish some nice properties
for the orbifold ancient solutions (see Proposition 2.6) by using a slight variant
of the argument in [B19, Proposition 6.17], which can be built into the definition
of necks of type IIa and type IIb. Through out this paper, it is crucial to use
Hamilton’s canonical parametrization [H97] (and its adaption to our setting) and
an equivariant/orbifold version of the ambient tubular neighborhood theorem [B72];
moreover sometimes we should view the smooth cap CσΓ and the orbifold cap of
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type II defined in [CTZ] as necks rather than caps, though they share a common
feature with the caps, that is, there exists a cross section which bounds a compact
domain. See the proof of Propositions 2.6, 2.8, 2.9 and 3.1.
In Section 2 we introduce various notions on necks and caps, and describe the
canonical neighborhood structure of orbifold ancient κ-solutions. In Section 3 we
choose the cutoff parameters for surgical Ricci flow under the canonical neighbor-
hood assumption, and construct (r, δ)-surgical solutions to the Ricci flow starting
with a compact, connected Riemannian orbifold of dimension n ≥ 12 with isolated
singularities and with positive isotropic curvature. Finally, in Section 4, we prove
Theorem 1.3 and Theorem 1.1 using the construction in Section 3.
It is possible to extend the results in this paper to the case of not necessary
compact orbifolds with not necessarily isolated singularities; cf. [Hu13] and [Hu15].
This will be treated in a separated paper.
2 orbifold ancient κ-solutions
We refer the readers to [BMP], [CHK], [KL], [S], [T] etc for various notions and
properties related to (effective) orbifolds. We only consider orbifolds with C∞
differential structure. To describe the structure of ancient κ-solutions we need
notions on necks and caps.
Let Γ be a finite subgroup of O(n) acting freely on Sn−1. (Note that if n is
odd, then it is well-known that Γ must be trivial or ∼= Z2 acting antipodally, and
in this case Sn−1/Γ ∼= Sn−1 or RP n−1.) Suppose σ is an isometric involution of
S
n−1/Γ with at most isolated fixed points, let σˆ be the involution on the manifold
S
n−1/Γ×R defined by σˆ(x, s) = (σ(x),−s) for x ∈ Sn−1/Γ and s ∈ R, consider the
quotient orbifold (Sn−1/Γ× R)//〈σˆ〉, which has at most isolated singularities. We
also denote this orbifold by Sn−1/Γ×Z2 R. By the way, note that we can consider
Γ and σˆ as isometries of Sn in a natural way, by lifting σ to an isometry of Sn−1
(which is always possible) and viewing Sn as a suspension of Sn−1. We’ll use the
same notation for these isometries of Sn.
The (Sn−1/Γ×R)//〈σˆ〉 above is a smooth manifold if and only if σ has no any
fixed points in Sn−1/Γ; if this is the case, we denote this smooth manifold by NσΓ ,
which is diffeomorphic to Sn//〈Γ, σˆ〉 \ B¯, where B¯ is a small, closed metric ball
around the unique singularity of Sn//〈Γ, σˆ〉. Compare [CTZ].
If Sn−1/Γ×Z2 R has nonempty isolated singularities, by Proposition 2.6 below,
it must be diffeomorphic to Sn//(x,±x′) \ B¯, where, as in [CTZ], Sn//(x,±x′)
denotes the quotient orbifold Sn//〈ι〉 with ι the involution on Sn given by (x1, x2, · ·
·, xn+1) 7→ (x1,−x2, ···,−xn+1), which has two isolated orbifold singularities, and B¯
is a small, closed metric ball around a smooth point in Sn//(x,±x′) and is disjoint
from the two isolated orbifold singularities.
Let O be a n-dimensional effective orbifold with at most isolated singularities.
A topological neck in O is an embedded open suborbifold U ⊂ O with an orbifold
covering map N : Sn−1 × (a, b) → U , where −∞ ≤ a < b ≤ +∞. Compare
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Section C.2 in Hamilton [H97], where he also introduced the notion of normal necks,
called Hamilton’s canonical parametrizations in [CTZ] and [Hu15]. We replace the
closed interval in Hamilton’s definition of topological neck by open interval, and the
condition local diffeomorphism there by orbifold covering. The difference is very
small. A topological neck of type I is a topological neck which is diffeomorphic to
S
n−1/Γ× R, where, as above, Γ is a finite subgroup of O(n) acting freely on Sn−1.
A topological neck of type IIa is a topological neck which is diffeomorphic to some
NσΓ defined above. A topological neck of type IIb is a topological neck which is
diffeomorphic to Sn//(x,±x′) \ B¯ defined above.
We define a topological cap in O to be an embedded open suborbifold U ⊂ O
which is diffeomorphic to Rn//Γ.
Now following Perelman [P2] and Brendle [B19], we define ε-neck, ε-cap, and
strong ε-neck. We fix a small positive number ε0 = ε0(n), and let 0 < ε <
ε0
4
.
As in Definition 2.20 in [KL], we do not require the map in the definition of ε-
closeness of two pointed orbifolds to be precisely basepoint-preserving. Let (O, g)
be a Riemannian n-orbifold with at most isolated singularities. Given a point
x0 ∈ O, an embedded open suborbifold U ⊂ O is an ε-neck centered at x0 if there
is a diffeomorphism ψ : Sn−1 × I//Λ → U (hence (U, ψ) is a topological cap; here
Λ is a subgroup of the isometry group Iso(Sn−1× I) such that the quotient orbifold
S
n−1 × I//Λ has at most isolated singularities) such that the pulled back metric
ψ∗g, rescaled with some factor Q, is ε-close (in C [ε
−1] topology) to the standard
metric on Sn−1×I//Λ with scalar curvature 1 and I = (−ε−1, ε−1), and the distance
d(x0, |ψ|(Sn−1 × {0}//Λ)) < ε/
√
Q; moreover,
1. when (U, ψ) is of type IIa, U is diffeomorphic to some Sn//〈Γ, σˆ〉 \ B¯, then if
Ω is the compact domain in U bounded by the middle cross section of an (ε0− ε)-
neck of type I (that is, the image of Sn−1/Γ × {0} under the map associated to
the (ε0 − ε)-neck), there exists a diffeomorphism F : Ω → Sn//〈Γ, σˆ〉 \ B which
restricts to an (ε0 + ε)-isometry f : ∂Ω→ ∂(Sn//〈Γ, σˆ〉 \B);
2. when (U, ψ) is of type IIb, U is diffeomorphic to Sn//(x,±x′)\B¯, then if Ω is
the compact domain in U bounded by the middle cross section of an (ε0 − ε)-neck
of type I, there exists a diffeomorphism F : Ω → Sn//(x,±x′) \ B which restricts
to an (ε0 + ε)-isometry f : ∂Ω→ ∂(Sn//(x,±x′) \B).
Now we give the definition of ε-cap which is adapted from Brendle [B19, Def-
inition 6.16]. Given a point x0 ∈ O, an embedded open suborbifold U ⊂ O is an
ε-cap centered at x0 if U is diffeomorphic to R
n//Γ and there is an open set V
with compact closure such that x0 ∈ V ⊂ V ⊂ U and U \ V is an ε-neck of type
I; moreover, if Ω ⊂ U is the compact domain bounded by the middle cross section
of an (ε0 − ε)-neck of type I, there exists a diffeomorphism F : Ω→ Dn//Γ which
restricts to an (ε0 + ε)-isometry f : ∂Ω→ Sn−1/Γ.
Note that the definition of necks and caps above is somewhat different from
that in [CTZ] and [Hu15].
Given a n-dimensional orbifold Ricci flow (O, g(t)), an embedded open sub-
orbifold U ⊂ O, and a point x0 ∈ U . U is a strong ε-neck centered at (x0, t0) if
there is a diffeomorphim ψ : Sn−1/Γ × I → U such that, the pulled back solution
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ψ∗g on the parabolic region {(x, t)|x ∈ U, t ∈ [t0 − Q−1, t0]} (for some Q > 0),
parabolically rescaled with factor Q at time t0, is ε-close (in C
[ε−1] topology) to
the round cylinder solution on the space-time region Sn−1/Γ × I × [−1, 0], with
scalar curvature one and length 2ε−1 to I at time zero, and the distance at time
t0, dt0(x0, ψ(S
n−1/Γ × {0})) < ε/√Q. By definition, a strong ε-neck must be an
ε-neck of type I.
Before we investigate the structure of orbifold ancient κ-solutions, we need
several lemmas. The following lemma should be well-known.
Lemma 2.1. Let k ≥ 2. There does not exist any isometric involution of RP k
with fixed point set nonempty and isolated.
Proof Let σ be an isometric involution of RP k. We can lift σ to an isometry σ˜
of Sk which is commutative with the antipodal map. Since σ is an involution, we
see that for any x ∈ Sk, either σ˜2(x) = x or σ˜2(x) = −x. Since σ˜2 is an isometry,
we must have either σ˜2 = I or σ˜2 = −I, where I ∈ O(k + 1) is the identity. If
σ˜2 = I, then σ˜ is an isometric involution of Sk, and the eigenvalues of σ˜ are either
1 or −1. Now, since k ≥ 2, one can easily check that the fixed point set of σ can
not be isolated. If σ˜2 = −I (this is possible only when k is odd), one easily see
that σ has no fixed points. ✷
The following lemma should be known to the experts. It is an analogue of
Lemma 5.2 in [CTZ].
Lemma 2.2. Let k ≥ 2 be an integer, G ⊂ O(2k) be a finite subgroup such that
each nontrivial element in G has at most one eigenvalue equal to 1 and there is at
least one element has exactly one eigenvalue equal to 1. Then G ∼= Z2.
Proof Compare Case 2 in the proof of Theorem 3.4 in [CTZ] and the proof of
Lemma 5.1 in [CTZ]. Let σ ∈ G be an element which has exactly one eigenvalue
equal to 1. We observe that the order of σ is 2. The reason is as follows. Let
σ(v) = v with v ∈ R2k and |v| = 1. Consider the orthogonal complement W of v
in R2k and the unit sphere S2k−2 ⊂ W . Note that the subgroup 〈σ〉 generated by
σ acts freely on S2k−2. But the only nontrivial group that acts freely on S2k−2 is
Z2. So 〈σ〉 ∼= Z2.
Now we see that σ is the only element in G which has exactly one eigenvalue
equal to 1. Otherwise suppose there is another element σ′ ∈ G which also has
exactly one eigenvalue equal to 1. Note that σ′ also has order 2. Let E and E ′ be
the (−1)-eigenspaces of σ and σ′ respectively. Then dimE = dimE ′ = 2k−1. The
element σσ′−1 acts as the identity on E∩E ′, but dim(E∩E ′) ≥ 2k−1+2k−1−2k =
2k − 2 ≥ 2. A contradiction to the assumption that each nontrivial element in G
has at most one eigenvalue equal to 1. (This argument is similar to that in Case 1
in the proof of Lemma 5.1.)
We claim that G∩SO(2k) contains only one element, that is the identity. Sup-
pose otherwise. Let I 6= γ ∈ G ∩ SO(2k), where I ∈ O(2k) is the identity. Note
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that since σ has exactly one eigenvalue equal to 1, σ : S2k−1 → S2k−1 must be
orientation-reversing, and γσ : S2k−1 → S2k−1 must also be orientation-reversing.
By Lefschetz fixed point theorem we know that any orientation-reversing homeo-
morphism of S2k−1 has (at least) a fixed point, so γσ : S2k−1 → S2k−1 has a fixed
point. It follows that γσ has exactly one eigenvalue equal to 1. A contradiction to
what we have proved in the last paragraph. It follows that G ∼= Z2. ✷
Lemma 2.3. (cf. for example [K, Lemma 5.2]) Let Γ be a finite subgroup of
O(n) acting freely on Sn−1, If we glue two Dn//Γ’s (with different orientations if
Dn//Γ is orientable) together using a self diffeomorphism f (orientation preserving
if relevant) of Sn−1/Γ and get a orbifold which is diffeomorphic to the standard
S
n//Γ, then f extends over Dn//Γ.
Proof Using our assumption and the Remark on p. 312 in Bredon [B72], which
implies an equivariant/orbifold version of Cerf-Palais’s disc theorem, we can work
as in the proof on p. 136 of [M07]. ✷
The following lemma should be well-known.
Lemma 2.4. Let Γ be a subgroup of O(n) acting freely on Sn−1. Consider two
orbifolds O1∪M1 and O2∪M2, where O1 and O2 are both diffeomorphic to Dn//Γ,
M1 and M2 are n-manifolds, O1 ∩M1 = ∂O1 = ∂M1, O2 ∩M2 = ∂O2 = ∂M2.
Assume that f : O1∪M1 → O2∪M2 is a diffeomorphism (orientation preserving if
both of them are orientable and oriented), and h : ∂O1 → ∂O2 is a diffeomorphism
which extends to a diffeomorphism h˜ : O1 → O2 (orientation preserving if O1∪M1
and O2 ∪M2 are orientable and oriented). Then h : ∂M1 → ∂M2 extends to a
diffeomorphism h˜′ :M1 →M2.
Proof f |O1 : O1 → f(O1) ⊂ O2 ∪ M2 and h˜ : O1 → O2 ⊂ O2 ∪ M2 are two
embeddings of O1 in O2∪M2 (both orientation preserving if O1∪M1 and O2∪M2
are orientable and oriented). Note that there is only one singular point in O2∪M2.
By an equivariant/orbifold version of the ambient tubular neighborhood theorem
[B72], we see that there is a diffeomorphism ϕ : O2 ∪M2 → O2 ∪M2 such that
ϕ ◦ f |O1 = h˜. Then ϕ ◦ f |M1 :M1 →M2 extends h : ∂M1 → ∂M2. ✷
Similarly we have
Lemma 2.5. Consider two orbifolds O1 ∪D1 and O2 ∪D2, where both D1 and D2
are diffeomorphic to Dn, O1 ∩D1 = ∂O1 = ∂D1, O2 ∩D2 = ∂O2 = ∂D2. Assume
that f : O1 ∪ D1 → O2 ∪ D2 is a diffeomorphism (orientation preserving if both
of them are orientable and oriented), and h : ∂D1 → ∂D2 is a diffeomorphism
which extends to a diffeomorphism h˜ : D1 → D2 (orientation preserving if O1 ∪D1
and O2 ∪ D2 are orientable and oriented). Then h : ∂O1 → ∂O2 extends to a
diffeomorphism h˜′ : O1 → O2.
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Recall that an orbifold Ricci flow g(·) is κ-noncollapsed (for some κ > 0) on
the scale r at time t if at any point x, whenever |Rm| ≤ r−2 on P (x, t, r,−r2) we
have vol B(x, t, r) ≥ κrn.
Let n ≥ 5 and κ > 0. An orbifold ancient κ-solution of dimension n is a
complete, nonflat ancient solution to the orbifold Ricci flow with at most isolated
singularities and with bounded curvature which is weakly PIC2 and κ-noncollapsed
on all scales.
Proposition 2.6. (cf. [B19, Corollary 6.7]) Let ε0 be sufficiently small. Let
(O, g(t)) be an orbifold ancient κ-solutions of dimension n ≥ 5 (with at most
isolated singularities). Suppose that (O, g(t)) satisfies Rm− θR id©∧ id ∈ PIC for
some uniform constant θ > 0. Assume that there is a spacetime point (x0, t0) such
that the curvature tensor at (x0, t0) lies on the boundary of the PIC2 cone. Then
for each t ≤ t0, (O, g(t)) is isometric to a shrinking Ricci soliton Sn−1/Γ × R or
S
n−1/Γ×Z2 R for some finite subgroup Γ of O(n) acting freely on Sn−1.
Furthermore, if O has no singularities and has exactly one end, it must be diffeo-
morphic to some Sn//〈Γ, σˆ〉 \ B¯ defined before; in this case if Ω is the compact
domain in O bounded by the middle cross section Σ of an ε0-neck of type I, there
exists a diffeomorphism F : Ω → Sn//〈Γ, σˆ〉 \ B which restricts to an ε0-isometry
from ∂Ω to ∂(Sn//〈Γ, σˆ〉 \B).
If O has nonempty isolated singularities, it must be diffeomorphic to Sn//(x,±x′)\
B¯ defined before; in this case if Ω is the compact domain in O bounded by the
middle cross section of an ε0-neck of type I, there exists a diffeomorphism F : Ω→
S
n//(x,±x′) \B which restricts to an ε0-isometry from ∂Ω to ∂(Sn//(x,±x′) \B).
Proof Compare the proof of Corollary 6.7 and Proposition 6.17 in [B19] and
Theorem 3.4 in [CTZ]. We pull back our solution to the universal cover and get
(O˜, g˜(t)). Note that Berger’s holonomy classification theorem used in the proof
of Proposition 6.6 in [B19] holds true in the orbifold case. By using orbifold de
Rham decomposition theorem (see [KL, Lemma 2.19]) in case 4 in the proof of
[B19, Proposition 6.6] we see that Proposition 6.6 in [B19] can be extended to the
orbifold case. It follows that at any time t ≤ t0, (O˜, g˜(t)) is isometric to a product
(X, gX(t))×R, where X is a smooth manifold. Since by assumption (X, gX(t))×R
is weakly PIC2 and satisfies Rm − θR id©∧ id ∈ PIC for some uniform constant
θ > 0, (X, gX(t)) is weakly PIC2 and uniformly PIC1. By Theorem 6.4 in [B19],
we see that at any time t ≤ t0, (X, gX(t)) is a round (n − 1)-sphere. Now we
see that (O, g(t)) is a metric quotient of the evolving round cylinder Sn−1 × R
by standard isometries (compare [R, Theorem 13.3.10]). Then it follows from the
κ-noncollapsing assumption that O is noncompact (cf. [CZ2, p.212] and [CTZ, p.
52]). So O has exactly one or two ends.
If O has two ends, it must be isometric to Sn−1/Γ×R for some finite subgroup
Γ of O(n) acting freely on Sn−1, in particular, in this case O is a smooth manifold.
If O has one end, it must be isometric to Sn−1/Γ×Z2 R for some finite subgroup
Γ of O(n) acting freely on Sn−1. The reason is as follows. We can write O =
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n−1 × R//Γ˜ for a subgroup Γ˜ of isometries of the round cylinder Sn−1 × R. Since
O has one end, we can write Γ˜ = Γ ∪ Γ1, where the second components of Γ and
Γ1 act on R as the identity or a reflection respectively. Since O has only one end,
Γ1 6= ∅. Pick σ ∈ Γ1. Then σ2 ∈ Γ, and σΓ = Γ1. It follows that σ induces an
involution, denoted by σ¯, acting isometrically on Sn−1/Γ × R. Now we see that
O = (Sn−1/Γ× R)//〈σ¯〉, which is of the form Sn−1/Γ×Z2 R by definition.
Below we analyse more precisely the case that O has exactly one end. We
consider further two subcases.
Subcase 1: O is a smooth manifold. Then the first component, denoted by σ0,
of the isometric involution σ¯ above must acts on Sn−1/Γ without any fixed points.
This manifold is just Nσ0Γ as defined above. Note that in this subcase, if n is odd, Γ
must be trivial, and the first component of the isometric involution σ¯ above must
acts on Sn−1 antipodally; because as noted above if n is odd Γ must be trivial or
∼= Z2, but if Γ ∼= Z2, no such O exists, since by Lefschetz fixed point theorem, any
isometry of an even dimensional real projective space must have a fixed point.
In this subcase we see that O must be diffeomorphic to some Sn//〈Γ, σˆ〉 \ B¯.
(Compare p. 49 in [CTZ].) Now we do surgery on the ε0-neck of type I given in the
assumption as in the proof of [B19, Proposition 6.17] (for the surgery procedure
see also p. 63 in [CTZ]), and yields a closed orbifold denoted by (O′, g′) which is
weakly PIC2 and strictly PIC, and there is some part of (O′, g′) where the metric
is strictly PIC2. Roughly speaking, suppose that the image of Sn−1/Γ × (− 1
ε0
, 0]
is contained in the compact domain Ω bounded by the middle cross section Σ, we
conformally change the metric g in the image of Sn−1/Γ× (0, 1
20
], and modify the
metric in the image of Sn−1/Γ×( 1
20
, 1
10
] using a cutoff function such that the metric
in the image of Sn−1/Γ× [ 1
12
, 1
10
] is changed to be rotationally symmetric, then we
cut O along the image of Sn−1/Γ× { 1
10
}, remove the unbounded part and glue in
a rotationally symmetric cap which is diffeomorphic to Dn//Γ.
We can write O′ = O1 ∪ Ω, where O1 ∩ Ω = ∂O1 = ∂Ω = Σ. Moreover, if
f : Σ→ Sn−1/Γ is an ε0-isometry coming from the ε0-neck structure, by inspecting
the surgery procedure we see that f extends to a diffeomorphism f˜ : O1 → Dn//Γ.
Then we run the orbifold Ricci flow with initial data (O′, g′). By [B19, Proposition
6.6] this orbifold Ricci flow solution is strictly PIC2 for any t > 0. By the differ-
entiable sphere theorem for compact orbifolds which are strictly PIC2 we see that
(O′, g′) is diffeomorphic to a spherical orbifold with one singularity (of course, when
Γ is trivial there is no singularities), which must be of the form Sn//〈Γ, σˆ〉 by using
Lemma 2.2 and [CTZ, Lemma 5.2]. Note that one can extend the differentiable
sphere theorem for compact manifolds which is strictly PIC2 in [BS] to the orbifold
case either by using the estimates in [BS], Perelman’s noncollapsing theorem [P1]
and the orbifold Ricci flow compactness theorem [KL][Lu], or by first running the
orbifold Ricci flow which is strictly PIC2 up to certain time such that the sectional
curvature is globally strictly quarter pinched, then using Proposition 5.2 in Bo¨hm-
Wilking [BW], which will reduce the orbifold case to the manifold case. Now we
have a diffeomorphism H : O′ = O1 ∪ Ω → Sn//〈Γ, σˆ〉 = B¯ ∪ (Sn//〈Γ, σˆ〉 \ B).
Note that from f˜ we can get a diffeomorphism from O1 to B¯ which restricts to
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an ε0-isometry between the boundaries. Then the desired result in this subcase
follows from Lemma 2.4.
Subcase 2: O has at least one isolated orbifold singularity. In this subcase, if
n is even, using Lemma 2.2 or arguing as in Case 2 in the proof of Theorem 3.4 in
[CTZ] we see that O is diffeomorphic to Sn//(x,±x′) \ B¯. If n is odd, Γ must be
trivial or ∼= Z2. If Γ is trivial, clearly O is diffeomorphic to Sn//(x,±x′) \ B¯ with
B¯ as before. If Γ ∼= Z2, by Lemma 2.1 no such O exists.
The existence of diffeomorphism F : Ω → Sn//(x,±x′) \ B which restricts to
an ε0-isometry between the boundaries follows by using the same argument as in
Subcase 1 and Lemma 2.5. ✷
The following proposition is a minor extension of Theorem 6.13 in [B19].
Proposition 2.7. Given n ≥ 5 and κ > 0, there exists a positive function
ω : [0,∞) → (0,∞) such that for any orbifold ancient κ-solution (O, g(t)t∈(−∞,0])
of dimension n, we have
R(x, t) ≤ R(y, t)ω(R(y, t)dt(x, y)2)
for any x, y ∈ O and any t ∈ (−∞, 0].
Proof The proof is almost the same as that of Theorem 6.13 in [B19], which
follows Perelman [P1] but uses Brendle’s Harnack inequality for the Ricci flow
[B09] instead of that of Hamilton [H93]. Compare [CTZ] and [KL]. ✷
Proposition 2.8. Let (O, g) be a complete, noncompact Riemannian orbifold of
dimension n ≥ 5 which has at most isolated singularities and is strictly PIC2, hence
is diffeomorphic to Rn//Γ, where Γ is a finite subgroup of O(n) acting freely on
S
n−1. Assume that Σ is the middle cross section of an ε0-neck of type I in (O, g).
Then Σ bounds a compact domain Ω, and if f : Σ → Sn−1/Γ is an ε0-isometry
coming from the ε0-neck structure, there is a diffeomorphism F : Ω → Dn//Γ
which extends f .
Proof Compare the proof of Proposition 6.17 in [B19]. By the orbifold soul
theorem in [Hu15] we know that the soul of O is a point, and O is diffeomorphic
to Rn//Γ, where Γ is a finite subgroup of O(n) acting freely on Sn−1. Let S be
a soul of (O, g). By considering the level sets of the distance function from the
base point S, cf. p. 969 in [Hu15], we know that S can not lie in the middle half
of the ε0-neck of type I given in the assumption (that is, S is not in the image of
S
n−1/Γ× [−1
2
ε−10 ,
1
2
ε−10 ]). Now we consider the Busemann function with base point
S, argue as in the proof of [H97, Theorem G1.1] and [CTZ, Theorem 3.9], and see
that the middle cross section Σ of the ε0-neck of type I bounds a compact domain,
say Ω, which is diffeomorphic to Dn//Γ and which contains S.
The neck structure gives an ε0-isometry f : Σ→ Sn−1/Γ. We have known that
Σ bounds a compact domain Ω ⊂ O with a diffeomorphism say H : Ω → Dn//Γ.
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So we have a diffeomorphism H|∂Ω◦f−1 of Sn−1/Γ, which, without loss of generality,
may be assumed to be orientation preserved when Sn−1/Γ is orientable and oriented.
(Otherwise we can replace H by the composition of H with a orientation reversing
isometry of Dn//Γ.) Now we can do surgery as in the proof of Proposition 2.6
(cf. [B19, Proposition 6.17]), and yields a closed orbifold (O′, g′) which is strictly
PIC2, and is diffeomorphic to a closed orbifold obtained by gluing two Dn//Γ’s
(with different orientations if Dn//Γ is orientable) along their boundaries using
the self diffeomorphism H|∂Ω ◦ f−1 of Sn−1/Γ. Then we run the orbifold Ricci
flow with initial data (O′, g′). By the differentiable sphere theorem for compact
orbifolds which are strictly PIC2 we see that (O′, g′) is diffeomorphic to a spherical
orbifold. By Lemma 2.3 the self diffeomorphism H|∂Ω ◦ f−1 of Sn−1/Γ extends to
a diffeomorphism say H1 of D
n//Γ. Let F = H−11 ◦H , and we are done. ✷
Proposition 2.9. (cf. [B19, Proposition 6.17, Theorem 6.18] Given ε > 0
and θ > 0, there exist positive constants C1 = C1(n, θ, ε) and C2 = C2(n, θ, ε),
such that for every noncompact orbifold ancient κ-solution (O, g(t)) of dimension
n ≥ 5 which satisfies Rm − θR id©∧ id ∈ PIC and is not locally isometric to an
evolving shrinking round cylinder. Then for each space-time point (x0, t0), there
is a radius r, 1
C1
(R(x0, t0))
−
1
2 < r < C1(R(x0, t0))
−
1
2 , and an open subset B with
B(x0, t0, r) ⊂ B ⊂ B(x0, t0, 2r), which falls into one of the following categories:
(a) B is an ε-neck of type I centered at (x0, t0),
(b) B is an ε-cap centered at (x0, t0).
Moreover, the scalar curvature in B at time t0 is between C
−1
2 R(x0, t0) and C2R(x0, t0).
Proof The arguments are adapted from [B19]. (Compare the proof of [CTZ.
Theorems 3.9] and [Hu15, Proposition 3.6].) Note that by [B19, Corollary 6.7] (see
the first paragraph in the proof of Proposition 2.6 here) we know that (O, g(t)) is
strictly PIC2. By the orbifold soul theorem in [Hu15], O is diffeomorphic to Rn//Γ
for some finite subgroup Γ of subgroup of O(n) acting freely on Sn−1. We pull back
the Ricci flow (O, g(t)) to (Rn, g˜(t)), which is then a Γ-invariant ancient κ-solution
on a smooth manifold. We fix t0 = 0. Let Mε be the set of all points in R
n which
are not the centers of ε
4
-necks of type I in (Rn, g˜(0)). Using Proposition 2.7, we
argue as in Step 1 in the proof of [B19, Theorem 6.18], and see that Mε is compact.
Fix a point y ∈ ∂Mε. Then y is the center of an ε2-neck of type I in (Rn, g˜(0)), and
by [H97] this neck is foliated by constant mean curvature spheres in a unique way.
Let Σ˜y be the leaf of this foliation which passes through y. By Theorem G1.1 in
[H97] (whose proof applies to any dimension n ≥ 4) (of course, we can also use the
solution of Schoenflies conjecture in dimensions n ≥ 5 here), Σ˜y bounds a compact
domain Ω˜ (in Rn) diffeomorphic to the standard unit ball Dn. By Step 3 in the
proof of [B19, Theorem 6.18] R(y, 0)diamg˜(0)(Ω˜y)
2 ≤ C, where C = C(n, θ, ε) is
independent of κ.
We rescale the solution g˜(t) so that R(y, 0) = 1 after rescaling; the rescaled
solution will still be denoted by g˜(t). As in the proof of Theorem 3.9 in [CTZ], we
use Theorem C2.4 in [H97] repeatedly to get Hamilton’s canonical parametrization
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Φ : Sn−1 × (A,∞) → Rn such that the image of Φ contains Rn \ B(y, 0,√C + 1),
where B(y, 0,
√
C+1) denotes the ball of radius
√
C+1 w.r.t. the rescaled pull-back
metric at time 0 centered at y.
Using the fact that (Rn, g˜(0)) splits off a line at infinity (see Step 1 in the
proof of [B19, Theorem 6.18]), as in [CTZ] we can show that in effect, the group
Γˆ := Φ−1ΓΦ := {Φ−1γΦ| γ ∈ Γ} only acts on the Sn−1 factor of Sn−1 × (A,∞),
and the parametrization Φ can be pushed down to give Hamilton’s canonical
parametrization φ : Sn−1/Γ× (A,∞)→ O of most part of O.
As in [Hu15], there exists a point in Rn which is a soul of (Rn, g˜(0)) and which
is fixed by Γ. We denote this point by O. As in [Hu15] one can show that O has
distance ≤ √C + 1 from y at time 0.
Let S ∈ O be the image ofO. Now for any point x ∈ O with d0(x, S) ≥ 2
√
C+1,
we can use the φ above to give an ε-neck of type I centered at x.
Then we want to find an ε-cap in O. Let x˜ ∈ Rn be a point with d0(O, x˜) =
10
√
C. Since d0(O, y) ≤
√
C + 1, we see that d0(x˜, y) > 8
√
C. We denote the
constant mean curvature (n − 1)-sphere passing through x˜ by Σ˜, which bounds a
compact domain Ω˜ (in Rn) diffeomorphic to the standard unit ball Dn. From above
we know that Ω˜ is Γ-invariant, and Int Ω˜//Γ contains an ε-neck near its end. As in
[Hu15] we can show that Ω˜ is Γ-equivariantly diffeomorphic to Dn, thus Int Ω˜//Γ
is diffeomorphic to Rn//Γ. By Proposition 2.8, Int Ω˜//Γ is an ε-cap.
The rest of the proof is similar to that in [B19, Theorem 6.18]. ✷
Proposition 2.10. (cf. [B19, Corollary 6.22] Given ε > 0 and θ > 0, there
exist positive constants C1 = C1(n, θ, ε), C2 = C2(n, θ, ε) and η = η(n, θ) with the
following property: Suppose (O, g(t)) is an orbifold ancient κ-solution of dimension
n ≥ 5 which satisfies Rm − θR id©∧ id ∈ PIC. Then for each space-time point
(x0, t0), there is a radius r,
1
C1
(R(x0, t0))
−
1
2 < r < C1(R(x0, t0))
−
1
2 , and an open
subset B with B(x0, t0, r) ⊂ B ⊂ B(x0, t0, 2r), which falls into one of the following
categories:
(a) B is a strong ε-neck centered at (x0, t0),
(b) B is an ε-neck of type IIa or type IIb centered at (x0, t0),
(c) B is an ε-cap centered at (x0, t0),
(d) B is a spherical orbifold with at most isolated singularities which is strictly
PIC2.
Moreover, the scalar curvature in B at time t0 is between C
−1
2 R(x0, t0) and C2R(x0, t0),
and satisfies the derivative estimates
|∇R| < ηR 32 and |∂R
∂t
| < ηR2,
Proof The proof is almost the same as that of [B19, Corollaries 6.20 and 6.22],
using Propositions 2.6 and 2.9. ✷
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3 Existence of (r, δ)-surgical solutions
Definition (cf. [BBM]) Given an interval I ⊂ R, an evolving Riemannian orbifold
is a pair (O(t), g(t)) (t ∈ I), where O(t) is a (possibly empty or disconnected)
orbifold with at most isolated singularities, and g(t) is a Riemannian metric on
O(t). We say that it is piecewise C1-smooth if there exists a discrete subset J of
I, such that the following conditions are satisfied:
i. On each connected component of I \ J , t 7→ O(t) is constant, and t 7→ g(t) is
C1-smooth;
ii. For each t0 ∈ J , O(t0) = O(t) for any t < t0 sufficiently close to t0, and
t 7→ g(t) is left continuous at t0;
iii. For each t0 ∈ J\ {supI}, t 7→ (O(t), g(t)) has a right limit at t0, denoted
by (O+(t0), g+(t0)).
As in [BBM], a time t ∈ I is regular if t has a neighborhood in I where O(·) is
constant and g(·) is C1-smooth. Otherwise it is singular.
Definition (Compare [BBM], [Hu15]) A piecewise C1-smooth evolving compact
Riemannian n-orbifold {(O(t), g(t))}t∈I with at most isolated singularities is a sur-
gical solution of the Ricci flow if it has the following properties.
i. The equation ∂g
∂t
= −2Ric is satisfied at all regular times;
ii. For each singular time t0 there is a finite collection S of disjoint embedded
S
n−1//Γ’s in O(t0) (where Γ’s are finite subgroups of O(n) acting freely on Sn−1),
and an orbifold O′ such that
(a) O′ is obtained from O(t0) \ S by gluing back Dn//Γ’s;
(b)O+(t0) is a union of some connected components of O′ and g+(t0) = g(t0)
on O+(t0) ∩ O(t0);
(c) Each component ofO′\O+(t0) is diffeomorphic to a spherical orbifold with at
most isolated singularities, or a compact quotient orbifold of Sn−1×R by standard
isometries with at most isolated singularities.
Proposition 3.1. Suppose ε is sufficient small. Let (O, g) be a closed, connected
n-orbifold with at most isolated singularities. If each point of O is the center of a
4ε-neck or a 4ε-cap, then O is diffeomorphic to a spherical orbifold or a quotient
orbifold of Sn−1 × R by standard isometries.
Proof. Compare the proof of Proposition 8.1 in [B19]. Let O satisfy the assump-
tion of our proposition. By using arguments as in the Appendix of [MT] we see that
the union of a 4ε-neck or 4ε-cap with a 4ε-neck of type I near (one of) the end(s)
of the former does not change the diffeomorphism type of the former (compare also
Theorem C2.4 in Hamilton [H97]); moreover if we glue a 4ε-cap with a 4ε-neck of
type I near the end of the cap, we still have F as in the definition of ε-cap for the
glued larger domain, and we can continue to glue in more 4ε-necks of type I and
still have F as in the definition of ε-cap for the glued larger and larger domains.
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If O contains at least a 4ε-cap but no 4ε-necks of type IIa or type IIb, using
the definition of 4ε-cap and the conclusion of the last paragraph we see that O
is diffeomorphic to Dn//Γ ∪h Dn//Γ, where h is a 8ε-isometry of Sn−1/Γ, so h
is isotopic to an isometry of Sn−1/Γ (this fact is also used implicitly in the proof
of [B19, Proposition 8.1], and can be shown by using the exponential map, as
explained to me by Prof. Brendle in a private communication). It follows that
Dn//Γ ∪h Dn//Γ (hence O) is diffeomorphic to Sn//Γ.
If O contains a 4ε-cap and a 4ε-neck of type IIa, using the conclusion in the
first paragraph of this proof and the definition of ε-neck of type IIa we see that O
is diffeomorphic to (Sn//〈Γ, σˆ〉 \B) ∪h Dn//Γ for some Γ and σ (as in Section 2),
where B is a small, open metric ball around the unique singularity of Sn//〈Γ, σˆ〉
and h is a 8ε-isometry between the boundaries, so h is isotopic to an isometry
between Sn−1/Γ and ∂B¯, the latter extends to a diffeomorphism between Dn//Γ
and B¯. It follows that (Sn//〈Γ, σˆ〉 \ B) ∪h Dn//Γ (hence O) is diffeomorphic to
S
n//〈Γ, σˆ〉 by an orbifold version of [H94, Chapter 8, Theorem 2.2], which follows
from an equivariant/orbifold version of the ambient tubular neighborhood theorem.
Similarly if O contains a 4ε-cap and a 4ε-neck of type IIb, O is diffeomorphic
to Sn//(x,±x′).
By using orbifold covering theory one can adapt Theorem C2.5 in [H97] to our
situation. It follows that if each point of O is the center of a 4ε-neck, then O
is diffeomorphic to a quotient orbifold of Sn−1 × R by standard isometries. (By
the way, note that for example, the union of a 4ε-neck which is diffeomorphic to
NσΓ with a 4ε-neck which is diffeomorphic to N
σ′
Γ is an orbifiber bundle over I
with generic fiber Sn−1/Γ, where I is the one dimensional closed orbifold with two
singularities both with isotropy group Z2, and |I| is a closed interval.) ✷
Fix ε sufficiently small, choose C1 = C1(n, θ, ε), C2 = C2(n, θ, ε) and η = η(n, θ)
such that the conclusion of Proposition 2.10 and (an orbifold version of) [B19,
Corollary 9.3] hold. Let C = max{C1, C2, η}.
Definition A point (x, t) in a surgical solution to the Ricci flow is said to have a
(4ε, 4C)-canonical neighborhood if there is an open neighborhood B of x satisfying
B(x, t, s) ⊂ B ⊂ B(x, t, 2s) with (4C)−1R(x, t)− 12 < s < 4CR(x, t)− 12 , which falls
into one of the following four types:
(a) B is a strong 4ε-neck centered at (x, t),
(b) B is a 4ε-neck of type IIa or type IIb centered at (x, t),
(c) B is a 4ε-cap centered at (x, t),
(d) B is a spherical orbifold with at most isolated singularities which is strictly
PIC2,
and if moreover, the scalar curvature in B at time t is between (4C)−1R(x, t) and
4CR(x, t), and satisfies the derivative estimates
|∇R| < 4CR 32 and |∂R
∂t
| < 4CR2.
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Now we consider some a priori assumptions, which consist of the pinching as-
sumption and the canonical neighborhood assumption.
Pinching assumption: Let f : [0,∞)→ [0,∞) be an increasing concave function
satisfying lims→∞
f(s)
s
= 0, and θ be a positive number. A Riemannian orbifold has
(f, θ)-pinched curvature if Rm+f(R) id©∧ id ∈ PIC2 and Rm−θR id©∧ id ∈ PIC.
Canonical neighborhood assumption: Let r > 0. An evolving Riemannian
n-orbifold {(O(t), g(t))}t∈I satisfies the canonical neighborhood assumption (CN)r
with (4ε, 4C)-control if any space-time point (x, t) with R(x, t) ≥ r−2 has an
(4ε, 4C)-canonical neighborhood.
Remark Let (O, g0) be a compact Riemannian orbifold of dimension n ≥ 12 with
positive isotropic curvature. Let (O, g(t)t∈[0,T )) be the solution to the Ricci flow
with g(0) = g0, then by [B19, Corollary 1.3], there exist θ > 0 and an increasing
concave function f : [0,∞) → [0,∞), such that Rm + f(R) id©∧ id ∈ PIC2 and
Rm− θR id©∧ id ∈ PIC at any time t ∈ [0, T ).
The following proposition is similar to [BBM, Theorem 6.5], [BBB+, Theorem
6.2.1], [Hu13, Proposition 2.3] and [Proposition 4.2]; compare [B19, Proposition
11.1].
Proposition 3.2. Let f and θ in the pinching assumption be fixed. Given
ε, r, δ > 0, there exist h ∈ (0, δr) and D > 10, such that if (O(·), g(·)) is a compact
surgical solution to the Ricci flow with positive isotropic curvature and with bounded
curvature, defined on a time interval [a, b] and satisfying the pinching assumption
and the canonical neighborhood assumption (CN)r with (4ε, 4C)-control, then the
following holds:
Let t ∈ [a, b] and x, y, z ∈ O(t) such that R(x, t) ≤ 2/r2, R(y, t) = h−2 and
R(z, t) ≥ D/h2. Suppose there is a geodesic segment γ in O(t) connecting x to z and
containing y, such that each point of γ with scalar curvature in [8Cr−2, (8C)−1Dh−2]
is the center of an 4ε-neck of type I. Then (y, t) is the center of a strong δ-neck.
Proof We essentially follow the proof of [B19, Proposition 11.1] and [BBB+, The-
orem 6.2.1] with some necessary modifications. (Compare [P2, Lemma 4.3], [CTZ,
Proposition 4.4].) We argue by contradiction. Otherwise, there exist r, δ > 0, se-
quences hk → 0, Dk → +∞, a sequence of compact surgical solutions (Ok(·), gk(·))
with bounded curvature and with positive isotropic curvature satisfying the pinch-
ing assumption and (CN)r with (4ε, 4C)-control, and sequences tk > 0, xk, yk, zk ∈
Ok(tk) with R(xk, tk) ≤ 2r−2, R(yk, tk) = h−2k and R(zk, tk) ≥ Dkh−2k , and finally a
sequence of geodesic segments γk in Ok(tk) connecting xk to zk and containing yk,
whose points of scalar curvature in [8Cr−2, (8C)−1Dkh
−2
k ] are centers of 4ε-necks
of type I, but yk is not the center of a strong δ-neck.
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Let g¯k(t) = h
−2
k gk(tk + h
2
kt) for each k. For any ρ > 0, as in the proof of [BBM,
Theorem 6.5], when k is sufficiently large, xk /∈ B(y¯k, ρ), zk /∈ B(y¯k, ρ), and B(y¯k, ρ)
is contained in the union of some 4ε-necks of type I. Now let Φk : S
n−1×(Ak, Bk)→
Tk ⊂ Ok(tk) be Hamilton’s canonical uniformization whose image contains yk and
which is maximal. Then we pull back the parabolically rescaled solutions g¯k(t) to
S
n−1 × (Ak, Bk) via Φk. The rest of the proof is almost the same as in that of
[BBM, Theorem 6.5], [BBB+, Theorem 6.2.1], and [B19, Proposition 11.1]. ✷
Given r, δ > 0, let h(r, δ), D(r, δ) be the associated parameters as determined
in Proposition 3.2, which also depend on ε, n and θ, and let Θ := 2Dh−2 be the
curvature threshold for the surgery process (as in [BBM], [Hu13] and [Hu15[), that
is, we’ll do surgery when Rmax(t) reaches Θ.
Definition (compare [BBM], [Hu15] ) Given an interval I ⊂ [0,+∞), fix surgery
parameters r, δ > 0 and let h, D, Θ = 2Dh−2 be the associated cutoff parameters.
Let (O(t), g(t)) (t ∈ I) be an evolving compact Riemannian n-orbifold with at most
isolated singularities. Let t0 ∈ I and (O+, g+) be a (possibly empty) Riemmanian
n-orbifold. We say that (O+, g+) is obtained from (O(·), g(·)) by (r, δ)-surgery at
time t0 if
i. Rmax(g(t0)) = Θ, and there is a locally finite collection S of disjoint embedded
S
n−1/Γ’s in O(t0) which are in the middle of strong δ-necks with radius equal to the
surgery scale h, such that O+ is obtained from O(t0) by doing Hamilton’s surgery
along these necks as described on p. 63 in [CTZ] (where Γ’s are finite subgroups
of O(n) acting freely on Sn−1), and removing each of the following components:
(a) a component which is strictly PIC2 (hence diffeomorphic to a spherical
orbifold),
(b) a component whose each point is the center of a 4ε-neck or a 4ε-cap.
ii. If O+ 6= ∅, then Rmax(g+) ≤ Θ/2.
Definition (cf. [BBM] and [Hu15]) A surgical solution (O(·), g(·)) to the Ricci
flow defined on some time interval I ⊂ [0,+∞) is an (r, δ)-surgical solution if it
has the following properties:
i. It satisfies the pinching assumption, and R(x, t) ≤ Θ for all (x, t);
ii. At each singular time t0 ∈ I, (O+(t0), g+(t0)) is obtained from (O(·), g(·))
by (r, δ)-surgery at time t0;
iii. Condition (CN)r holds.
The following proposition is analogous to [BBM, Proposition A], [Hu13, Propo-
sition 2.7] and [Hu15, Proposition 4.4].
Proposition 3.3. Let f and θ in the pinching assumption be fixed. Let r, δ be
sufficiently small such that (an orbifold version of) [B19, Proposition 8.2] holds.
Let {(O(t), g(t))}t∈[0,b] be an (r, δ)-surgical solution to the Ricci flow. Suppose that
Rmax(b) = Θ which is defined above. Then there exists a Riemannian orbifold
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(O+, g+) which is obtained from (O(·), g(·)) by (r, δ)-surgery at time b, such that
g+ satisfies the pinching assumption at time b, and Rmin(g+(b)) ≥ Rmin(g(b)).
Proof Using Proposition 3.2, the proof is similar to that of [BBM, Proposition A]
and [Hu13, Proposition 2.7]. ✷
Now we have
Theorem 3.4. Let (O, g0) be a compact Riemannian orbifold of dimension n ≥ 12
with at most isolated singularities and with positive isotropic curvature. Given
ε > 0 sufficiently small, we can choose r, δ > 0 with the associated parameter h
determined by Proposition 3.2, such that there exists (r, δ)-surgical solution to the
Ricci flow starting with (O, g0), which becomes extinct in finite time.
Proof Using Propositions 3.1, 3.2 and 3.3, the proof is almost the same as that
of [B19, Theorem 11.2]. ✷
4 Proof of Theorems 1.1 and 1.3
Proof of Theorem 1.3. Let (O, g0) be a compact Riemannian orbifold of di-
mension n ≥ 12 with at most isolated singularities and with positive isotropic
curvature. By Theorem 3.4 we can construct an (r, δ)-surgical solution to the Ricci
flow starting with (O, g0), which becomes extinct in finite time. Recall that each
point in any component that is removed in the process of surgery is contained in
a canonical neighborhood, so by definition and Proposition 3.1, each such compo-
nent is diffeomorphic to a spherical orbifold or a quotient of Sn−1 ×R by standard
isometries. By the surgery procedure, at any singular time, the pre-surgery orbifold
is diffeomorphic to an orbifold connected sum among the post-surgery orbifold and
the removed components. Now Theorem 1.3 follows. ✷
Proof of Theorem 1.1. Let (M, g0) satisfy the assumption of Theorem 1.1. By
Theorem 1.3,M is diffeomorphic to an orbifold connected sum of a finite number of
orbifolds, each of which is diffeomorphic to a spherical orbifold with at most isolated
singularities, or a compact quotient orbifold of Sn−1 × R by standard isometries
with at most isolated singularities. To recover our original manifold M from these
components, denoted by O1,O2, · · ·,Ok, we must invert the surgery procedure, that
is, do certain orbifold connected sums among these components.
First we do orbifold connected sums to undo the Ricci flow surgeries which
introduce orbifold singularities. As preparation let’s first analyse the structure of
those spherical components among O1,O2, · · ·,Ok. If a spherical component has no
singularities, it is diffeomorphic to a spherical space form. If it has singularities, by
using Lemma 2.2 and [CTZ, Lemma 5.2], we see that it has at most two singular-
ities, moreover after removing suitable open neighborhoods of all the singularities
it becomes diffeomorphic to some Sn−1/Γi× [−1, 1] or some Sn//〈Γj, σˆ〉 \B which
has boundary Sn−1/Γj.
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Then we analysis those components among O1,O2, ···,Ok which admit Sn−1×R-
geometry using the proof of Proposition 3.1. Let Ol be such a component. If it is
a manifold, we do not need to worry about it. If it is of the form (Sn//(x,±x′) \
B) ∪h (Sn//(x,±x′) \B), from the proof of Proposition 3.1 we know that h is iso-
topic to an isometry of Sn−1, the latter of course extends over Dn, thus we see that
(Sn//(x,±x′)\B)∪h(Sn//(x,±x′)\B) is diffeomorphic to Sn//(x,±x′) ♯ Sn//(x,±x′).
Now we undo this connected sum, which occurs at two smooth points, and get two
orbifolds both diffeomorphic to Sn//(x,±x′). Then we remove suitable open neigh-
borhoods of all the four singularities and get two manifolds both diffeomorphic to
RP n−1 × [−1, 1]. If it is of the form (Sn//(x,±x′) \B) ∪h (RP n \B′), where B′ is
a small, open metric ball in RP n, we deal with it in a similar way.
In this way we remove suitable neighborhoods of all the orbifold singularities,
and if necessary we undo some connected sums which occur at some smooth points,
and get some necks of type I or type IIa. We glue these necks along their boundaries
pairwise to complete the genuine orbifold connected sum operations which resolve
the orbifold singularities created by the Ricci flow surgeries. By inspecting the
surgery procedure we see that the gluing maps are δ′-close to isometries of ((n−1)-
dimenional) spherical space forms, where δ′ is a small positive number depending
on δ with limδ→0 δ
′ = 0, and are isotopic to isometries of spherical space forms. So
these gluings produce manifolds which admit Sn−1 × R-geometry.
Finally we do usual connected sums to undo the Ricci flow surgeries which
do not introduce orbifold singularities, and do usual connected sums which undo
the decomposition of the orbifolds diffeomorphic to Sn//(x,±x′) ♯ Sn//(x,±x′) or
S
n//(x,±x′) ♯ RP n performed in the previous step.
Now Theorem 1.1 follows. ✷
Finally we state a theorem which is an analogue of Corollary 5.3 in [CTZ].
Theorem 4.1. Let (O, g0) be a compact orbifold of dimension n ≥ 12 with at most
isolated singularities and with positive isotropic curvature. Then O is diffeomorphic
to a spherical orbifold with at most isolated singularities, or a compact quotient
orbifold of Sn−1 × R by standard isometries with at most isolated singularities, or
an orbifold connected sum of finite such orbifolds, where all the connected sum
operations occur at smooth points.
Proof The proof is a slight modification of that of Theorem 1.1; compare the
proof of Corollary 5.3 in [CTZ]. ✷
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